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1. Introduction 
Given n sets XI , . . . ,X  n, a graph G with the vertex set X= Un=l Xi is called a 
feasible graph for (X  l . . . . .  Xn) if, for each X i, the subgraph of G with the vertex 
set X i, say Gi, is connected. Furthermore, a feasible graph G is minimum for 
(X~ .. . . .  Xn) if the number of edges of G is minimum in the collection of all feasible 
graphs for (X1 . . . . .  Xn). The problem of finding a minimum feasible graph for a se- 
quence X1 . . . . .  Xn arises in the design of vacuum systems [1]. It is NP-complete 
since the set-cover problem [2] can be reduced to it. In this paper we give a sufficient 
condition for a feasible graph to be minimum; this condition can be checked in 
polynomial time. Further, we show how every minimum feasible graph for 
XI . . . . .  Xn can be obtained from any one such graph. 
2. Main results 
Let G be a feasible graph for (X 1 . . . . .  Xn). I f  G:g Un= 1 Gi' then, clearly, G is not 
minimum. For convenience, we assume throughout his paper G = Un=l Gi" Let 
K(Xn : X1 . . . . .  Xn -  1) be the number of connected components of Xn obtained by 
joining all pairs of vertices in X i(~X~ for each i= l  . . . . .  n - l .  Let 
G(Xn:X I  . . . . .  Xn - l )  be the graph with the vertex set X n and all edges of U7111 
(Gi f3 G~ ). Clearly, G(X n : X l . . . . .  X ,  _ 1 ) has at least K(X  n : X1 . . . . .  Xn -  l ) connected 
components and if each Gif3G ~, for i=1 .. . . .  n - l ,  is connected, then 
G(Xn:X1 . . . . .  Xn -1)  has exactly K(X,, :X  l . . . . .  Xn-1)  components. This fact will be 
used frequently in this section. Write [G[ for the number of edges in G. 
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Lemma 1. I f  G is feasible fo r  (X  l . . . . .  X . ) ,  then 
IGI >- Gi +K(Xn:X1  . . . . .  Xn - l ) - l .  
i=1 
Proof .  Since G(X,, : X 1 . . . . .  Xn-  1 ) has at least K(Xn : X 1 . . . . .  Sn-  l ) connected com- 
ponents, G, needs at least K(X , :X1  . . . . .  An_ l ) -1  more edges to connect them. 
Hence, 
Gi + -- U Gi IG l= i=1 /=i 
U' I G. -'-1 G,) = Gi + U (Gi N 
i=1 i=l  
>-- G i +K(X, :X1  . . . . .  Xn_ l ) -  1. [ ]  
i=1 
Theorem 2. I f  a feasible graph G for  (X  1 . . . . .  X, )  satisfies the fol lowing condition, 
then G is minimum: 
(C1) GiNGj i sa t ree  fo rany i ,  j= l  . . . . .  n. 
Proof .  We prove it by induction on n. It is trivial for n = 1. Let m(Xl  . . . . .  X~) be 
the number of  edges in a minimum feasible graph. For n > 1, by Lemma 1, we have 
m(X l . . . . .  X . )  >_m(X l . . . . .  Xn_ I ) + K(X  , :X  1 . . . . .  Xn_  l ) - 1. 
Now, by the induction hypothesis, 
nU Gi = m(X l  . . . . .  X . -  l ). 
i=1 
Since GirlGn is a tree and hence connected, G(Xn:X  l . . . . .  Xn_ I )  has exactly 
K(X. : X l . . . . .  X , )  connected components. Moreover, G,= G, N (3, is a tree, hence 
LG, - U7111 (Gi N G,)] =K(Xn :X1 . . . . .  Xn_~) -  1. Therefore, 
]G[ = m(Xl  . . . . .  Xn_ l ) + K(Xn : X l  . . . . .  X , _  I ) - 1 
<_m(X l . . . . .  X , ) .  [] 
Corollary 3. For n ~ 2, a feasible graph G is minimum if  and only i f  it satisfies (C 1). 
Proof .  It is trivial for n = 1. Next, we consider n = 2. Suppose the feasible graph G 
does not satisfy (CI). I f  G~ is not a tree, it must contain a cycle Q, then we see 
]G I>m(X1,Xz)  by deleting an edge from Q-G2 if Q-G2-~O and from Q if 
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Q-G 2 = 0. The same argument can work for the case that G 2 is not a tree. Now, 
assume G 1 and G 2 both are trees, then Gl f3 G2 is not a tree. It follows that Gl f3 G 2 
has at least two components. Choose two vertices x, y from different components 
of G 1 CI G 2 and choose two edges u, o from G 1 - G 2 and G2-  GI, respectively, such 
that u(o) is on the path from x to y in G 1 (G2) .  Add the edge (x, y) to G and delete 
u, o, then we can see that G is not minimum. [] 
From the above proof, we can also see that the condition (C1) implies 
(C2) for any i, j = 1 ... . .  n, Gi U Gj has no cycle. 
It is easy to verify the truth of the converse. This yields the following fact. 
Lemma 4. (C1) holds if and only i f  (C2) holds. 
Let H be a subgraph of G and V(H) the vertex set of H. Define 
I H = {i: V(H) C Xi }. 
Theorem 5. Let G be a minimum feasible graph satisfying (C 1). Then any minimum 
feasible graph G' satisfies (C1). Moreover, G' can be obtained from G by the 
following operations:for a chain I with an edge u such that I u =I l, add an edge bet- 
ween two endpoints of  l, then delete u. 
Proof. Suppose to the contrary that G'  does not satisfy (C1). Then, Gi'O Gj is not 
a tree for some i, j e { 1 ..... n }. By rearranging the indices, we can assume i = 1, j = 2 
if i--/:j and i= j= 1 if i=j. By Corollary 3, ]G/U G~I >m(Xl ,  X2). Thus, by Lemma 
1, we obtain 
n 
IGl=m(X,,X2)+ E K(Xi:X, . . . . .  Xi_l)-(n-2) 
i=3  
< IG;U G~I + ~ K(Xi :X,  . . . . .  X i -O- (n -2 )<- IG ' I ,  
i=3  
a contradiction. 
To see the second part, choose an edge u from G ' -G .  Since G i is connected, 
there exists a chain connecting two endpoints of u in each Gi for i E Iu. By Lemma 
4, those chains are identical, say l, then I, c_ I/. We claim that there exists an edge 
v in I such that Iu--Iv. In fact, for otherwise, suppose such o does not exist. Choose 
an index i~Iu and denote J={1 .....  n}- Iu .  Since both G and G' satisfy (C1), 
there is a one-to-one correspondence b tween the components of G(X i : Xj,  j ~ J) 
and the components of G'(Xi :X j ,  jE J )  such that the two components have the 
same vertex set. Since l is in G(Xi : Xj,  j ~ J), two endpoints of u will be in the same 
component of G(Xi:Xj ,  j e J )  and hence in the same component of G'(Xi :X j ,  
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j ~ J). It follows that Gi' has a cycle, a contradiction. Therefore, such o exists. Add 
u and delete o from G. Continuing, we can obtain G'  from G. [] 
3. Example 
Let X,={a,b ,c ,d ,e , f} ,  Xz={a,e , f  }, X3={a,b,c ,g }, X4={a,d} and )(5= 
{d, e, f} .  Connect each consecutive pair of points in Xi to obtain a graph/4/ .  Set 
G= U~=I Hi (Fig. 1). Then G is a feasible graph. Note Gt is not a tree and 
Ica= Iabca , so the edge cd can be deleted to get a simpler feasible graph G '  (Fig. 2). 
G '  does not satisfy (C1) for X 1 . . . . .  X 5, but satisfies (C1) for X2 . . . . .  X 5 and 
G '= U~=2 Gi'. Thus, it is a minimum feasible graph for X z . . . . .  X 5, hence for 
X, . . . . .  )(5. 
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